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Abstract. We show that there is a surjection from the Fourier-Mukai 
transformations on projective K3 surfaces with the Picard number p{X) = 
1 to so called to the group of Atkin-Lehner involutions. This was ex- 
pected in Hosono-Lian-Oguiso-Yau's paper. 



1. Introduction 

1.1. Terminologies and backgrounds. Let D{M) be the bounded de- 
rived category of coherent sheaves on a projective manifold M. In this 
article a projective manifold M' is said to be a Fourier-Mukai partner 
of M if there is an equivalence D(M') — )• D{M). Any equivalence 
<I>: D{M\) — )■ D{M2) between Fourier-Mukai partners of M is said to be 
a Fourier-Mukai transformation on M. The number of isomorphic classes 
of Fourier-Mukai partners of M is said to be the Fourier-Mukai number 



On , of M. It is conjectured that the Fourier-Mukai number of any projective 



manifold is finite by Kawamata in |Kaw02j . For instance the conjecture 
holds for curves (For example see |Huy mainly in Chapter 5]) and surfaces 



Q>^ ■ ( [BMQlj and |Kaw02j ) . And also, the conjecture holds for abelian varieties 

O . (essentially |Orl02j and independently |Favl2j ) . 



1.2. The study of [HLOYbj . The main interest of this paper is the relation, 
which is predicted by |HLOYb] Remark in page 25], between Atkin-Lehner 
involutions and the Fourier-Mukai number of projective K3 surfaces X with 
\ p{^) = 1- In the following we briefly recall the study of [HLOYb] . 

Suppose that X is a projective K3 surface with NS(X) = "LLx and with 
L\ = 2d. The numerical Grothendieck group M{X) of X has the Mukai 
(or Euler) paring (— , — ) with the signature (2, 1). Then as was shown by 
Dolgachev, the isometry group of 0~^{J\f{X))/ it id is isomorphic to Atkin- 
Lehner modular group AL^ of level d (See also Definition 12. 3p . 

Now recall that any autoequivalence on D{X) induces an isometry on 
Af^X). Then we have a representation from Aut(Z)(A)) to AL,^. By virtue of 
|HMS091 Corollary 3] we see the image of this representation is Fricke mod- 
ular group Fr^ which is a subgroup of AL^. Surprisingly [HLOYbj showed 
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that the index [AL^^ : Fr^^] is equal to the Fourier-Mukai number of X. Fur- 
thermore they predicts that all Atkin-Lehner involutions are obtained from 
Fourier-Mukai transformations ^ : D(Y) — t- D(X) on X. 

1.3. Our results. In our main theorem. Theorem [331 we show that Hosono- 
Lian-Oguiso-Yau's conjecture holds. To formulate our results transparently 
we introduce the notion of the groupoid 3i/Mx consisting of Fourier-Mukai 
transformations on X (See Definition 13 .ip . Moreover we construct an ex- 
plicit correspondence between cosets of AL^/Fr^ and Fourier-Mukai partners 
of X. Namely we have the surjective functor 

p: M^x^O^{M{X)), 

where 0~''(A/'(X)) is the orientation preserving isometry group of N{X). 
Now recall |HMS09l Corollary 3]: There is a surjection 

p: Aut{D{X)) ^ 0+^^^^{H*iX,Z)) 

(See also Theorem 12. 7p . If we restrict p to Aut{D{X)), this gives the rep- 
resentation p. Hence our theorem can be regarded as a slight generalization 
of [HMSOQl Corollary 3]. 

Acknolegement. The author was partially supported by Grant-in- Aid for 
Scientific Research (S), No 22224001. 

2. Preliminaries 

2.1. Induced morphisms on H. To discuss the relation between Fourier- 
Mukai transformations and Atkin-Lehner modular group, we recall the rep- 
resentation of Fourier-Mukai transformations to PSL2(M.), the automor- 
phism group of the upper half plain H. 

We first consider the numerical Grothendieck group 

M{x) = H°{x, z) e ns(a:) e h^{x, z). 

The Mukai paring (or Euler paring) on N{X) is given by 

{r ® c® s,r' (B c ® s) = cc — rs — sr' . 

By the Hodge index theorem, the index of the Mukai paring is {2,p{X)). 

For objects E £ E){X) we put v{E) = ch{E)\/tdx and call it the Mukai 
vector of E. One can check that v{E) = r©c©s S M{X) and see that 
r = ranki?, c = ci{E) and s = xi^^E) — rank£^ by using Riemann-Roch 
theorem. 

Let D'^{X) be one of the connected component 

{[v] G ¥{J\f{X)0C)\v'^ = 0,OT > 0} 

containing [exp(-v/— Itj)] where uj is an ample divisor. As is well-known 
D+{X) is isomorphic to the tube domain NS(X)ir x C+{X) where C+(X) 
is the positive cone: 

NS(X)k X C+{X) 3 (/3,7) ^ [exp(/3 + ^/^7)] G D+(X). 
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We remark that if p{X) = 1, is canonically isomorphic to the upper 

half plain H: 



where L is an ample basis of NS(X). 

Now suppose that X and Y are K3 surfaces with p{X) = p{Y) = 1 and 
$ : D{Y) — )• D{X) is an equivalence. We put the degree of X and Y by 2d. 
Since $ induces the orientation preserving isometry : J\f{Y) M{X) by 
|HMS091 Theorem 2], we obtain the morphism 

Since both and ©^(X) are H, we obtain the automorphism on H by 

using the canonical isomorphism: 



This automorphism was calculated by the author |Kawl2[ Lemmas 3.1 and 
3.2]. To explain these lemmas, we set the following: 

v{^{Oy)) =rx® nxLx sx and v{^'^{Ox)) = ry uyLy ® sy- 
Here x ^ X and y GY are closed points. Then <I>* is given as follows: 

Proposition 2.1 f |Kawl2[ Lemmas 3.1 and 3.2]). Let $: D{Y) D{X) 
he an equivalence between projective K3 surfaces with p = 1 and let <1>=k be 
the induced automorphism on H. 

(1) We have r = rx = ry. Moreover if rx = 0, then 



Original proof is written in terms of Bridgeland stability conditions on 
X. So, for the convenience of readers we write the proof. 

Proof. Recah v{Ox) = 00001. Then we see 



Thus we see rx = ry- Moreover, if rx = then one can see that Y is 
isomorphic to X and that the equivalence ^> is numerically equivalent to 
®{mLx) for some m S Z via an isomorphism f:Y^X (The details are 
in [Kawl21 Lemma 3.1]). 

The second assertion follows from |Kawl21 Lemma 3.2]. We recall the 
proof. 

One can easily see 

<I>'^(exp((ny + ^f^vy)Ly)) = Aexp((ux + ^f^vx)Lx) 
for some A € C*. 





(2) 





1 -1 



rx = {v{HOy)),v{0^)) = {v{Oy)M^-\0^))) = -ry. 
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Put Px + Iwx = uxLx + V—^vxLx (respectively Y). We can define 
x^i^x) • ■^i-^) ~^ which is usually called a central charge: 

{l3x,ojx)iE) '■= {exp{l3x + \^u}x,v{E))) 
v{Ef 



the function 



2r 



+ l{ojx + V^{^-Px)) , 



where v{E) = r © c© s. Then we see 



A = 



-(«^^(exp(/3y + V^ujy)),v{0^)) 



and 



Thus we have 



1 = Z 



($^(exp(/?y + V^UY)),vmOy))) 



Since v{^{Oy)f = v{^-\0^)f = 0, we have 



and 



Since Lj^ = Ly = 2(i we see 

(ux ) + V - 

r 



±1 



d\r\ {uY 



ry 



) + V^Tvy 



Since the left hand side is in the upper half plain H, the imaginary part of 
the left hand side is positive. Hence we have 

-1 1 



Thus we have finished the proof. 



□ 



2.2. Atkin-Lehner and Fricke involutions. In this section we recall the 
Atkin-Lehner involutions and Fricke involutions. As usual we put 



a j3 
7 5 



e PSL2{Z)\-f G dZ}. 



Md) = { 

For integers s, d G Z we define the symbol s||d by 
(2.1) 



s\\d s\d and gcd(s, -) = 1. 
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Suppose that s\\d. We put 

Ws is also given as 

Ws = {l I e PSL2{R)\a, f3, 7 and 5 G Z}. 




In particular we see Wi = TQ(d). 

For cosets Wg one can easily check the following: 

Lemma 2.2 ( |CN79| ). Each Wg is in the normalizer ofTQ{d) in SL2{ 
In addition the coset classes Wg and Wg' satisfies the following rule: 



= Wi,WgWg> = Wg>Wg = Wg.. 



where s * s' 



Definition 2.3. We put 

ALrf := y Wg and Fr^ := Wi U W^. 

s\\d 

We call ALd and Fr^ respectively the Atkin-Lehner modular group and the 
Fricke modular group. 

Remark 2.4. By the above lemma we see both sets AL^ and Pr^ have 
group structures. Moreover, AL^ is the abelian normalizer group of TQ{d) in 
PSL2{1B.). Since WgWd = Wd, the coset decomposition of AL^/Fr^ is given 

s 

by 

AU/Frd = \J{WgUW^). 

s\\d 

2.3. An explicit construction of Fourier-Mukai partners of X. In 

this subsection we recall the work of [ HLOYa] which is an explicit construc- 
tion of Fourier-Mukai partners of X with NS(X) = ZL. Put = 2d as 
usual. 

We set the set Pd by 

Pd = {r eN|r||4/~ 
where ri ~ r2 if and only if ri = r2 or ri = 

Theorem 2.5 ( [HLOYal Theorem 2.1]). Let X be a projective K3 surface 
with NS(X) = ZL. Put L? = 2d. There is a one to one correspondence 
between P^ and the sei FMx of isomorphic classes of Fourier-Mukai partners 
ofX: 

PdB r^ MdreLe-) £ FMx- 
r 

Here M^^r © L © s) is the fine moduli space of ^i-stable sheaves with Mukai 
vector r © L © s. 
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2.4. Lattices and modular groups. The aim of this subsection is to recall 
Dolgachev's theorem. 

Let Nd = Zeo © Z£ © Ze4 be the abstract lattice with the intersection 
matrix S where 

-1^ 
2d 
-10 

Let 0{Nii) be the orthogonal group of N^: 

0{Nd) = {ge GLs{Z)\'g^g = ^}. 

Put 0^{N(i) be the subgroup consisting of g £ 0{N(i) which preserves the 
orientation of positive 2 plane in = ©^ M. Since the intersection 
form is non-degenerate, we see Nd C N'^ = Hom(A''rf,Z) in N^. Hence 
g G 0{Nd) induces the isometry on the discriminant lattice A^^ = /Nd 
with respect to the natural quadratic form. We define 0{Nd)* by the kernel 
of the morphism 0{Nd) 0(^jvj and define 0+(iVrf)* = 0+{Nd)r\0{Nd)* . 

Now put SO+{Nd) = {g e 0+{Nd)\detg = 1}. Then SO+{Nd) is iso- 
morphic to PSL{2,M) by the following morphism 

^a B\ H7^^ 
R: PSL{2,R) ^ SO+{Nd),[ '\) ^ \ p6 a6 + f3-f ^07 

Then we have the following sequence of morphisms: 

q : 0+{Nd) ^ 0+{Nd)/ ± idjv, ^ SO+{Nd) PSL{2,R). 

In this situation Dolgachev proves the following: 

Theorem 2.6 r |Dol96l Theorem 7.1 and Remark 7.2]). The image q{0^{Nd)*) 
of 0^{Nd)* is the Fricke modular group Fr^j and the image q{0^ (Nd)) of 
0'^{Nd) is the Atkin-Lehner modular group. 

2.5. Modular groups and autoequivalences on D{X). By using Dol- 
gachev's theorem and the theorem of |HMS09j (below), we discuss the re- 
lation between the Fricke modular group and the autoequivalence group 
Aut(L»(X)). 

Since X is a K3 surface, any autoequivalence ^ G Ant{D{X)) induces the 
Hodge isometry <I>^ of the integral cohomology ring H*{X,7j). 

Theorem 2.7 ( |HMS09l Corollary 3]). Let X be a projective K3 surface 
(not necessary Picard rank 1). Then the morphism 

p : kni{D{X)) ^ OHodge{H*{X,Z)),^^ 

is surjective to the orientation preserving isometry group 0^gj^g^{H*(X,Z,)). 
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In particular we obtain the isometry ^^\j\f(x) on the numerical Grothendieck 
group M{X). Suppose p{X) = 1 with = 2d. Since M{X) is canonically 
isomorphic to the abstract lattice N^- Thus we have the morphism: 

(2.2) M : Ant{D{X)) 4 0+{H*{X,Z)) 0+{Nd) 4 PSL2{R). 

By combining the above two theorems, we obtain the following proposi- 
tion. 

Proposition 2.8. The morphism M is surjective to the Fricke modular 
group Fr^. 

Proof. We first show Im(M) C Fr^. By Theorem 12.61 it is enough to show 
that is in {0+ (M {X))* , ±id) C 0+iNd). 

Since p{X) = 1, the restriction ^^\t{x) fo the transcendental lattice 
T{X){C H*{X, Z)) is ±idT(x) by the result of Oguiso |Ugu02t Lemma 4.1]. 



Moreover since a single shift [1] is in the kernel of M, we may assume 
^^\t{x) = idT(x) by composing a single shift. We note that ^^\t{x) in- 
duces the identity on the discriminant lattice of T(X). Since the discrim- 
inant lattice ^T(X) = T(X)^/T(X) of T{X) is canonically isomorphic the 
discriminant lattice ^Ar(x) of -^(X), ^^\j\f(x) is in 0^{Af{X))* . Hence 
Im(M) contained in Fr^ by Theorem 12.61 

Conversely we show Fr^ C Im(M). Take an arbitrary ip £ 0^{N{X))* . 
Then ip(BidT(^x) extends to the isometry ip on the hole lattice H*{X,7j). 
Since p preserves the orientation J\f{X), p also preserves the orientation 
of H*{X, Z). Since the natural representation Aut(i:>(X)) 0+{H*{X, Z)) 
is surjective by Theorem 12.71 there is an autoequivalence such that $^ = 
(p. □ 

3. Main result and the proof 

We first remark that the set of all Fourier-Mukai transformations has 
naturally a groupoid structure. Namely we define the following: 

Definition 3.1. Let M be a projective manifold. We define the groupoid 
. g^g follows: 



• Objects of consist of Fourier-Mukai partners of X: 
Oh{M^M) = {W : projective manifold|3$: D{W) 4 D{M)}. 

• Morphisms in ."K/Mm are Fourier-Mukai transformations beween them: 

Morj:^^,^(H^,M/') = {^> : DiyV) 4 D(M/'),FM transformations on M} 

Since any Fourier-Mukai transformation gives <J> : D(VF) — t- DiyV'^ a mor- 
phism of .^^Af) we write as $ G ^Mm- We call the groupoid of 
Fourier-Mukai transformations on M (or shortly Fourier-Mukai groupoid). 

Now suppose that M = X is a projective K3 surface with p{X) = 1. 
Let ^ : D(Y) — )• D{Y') be in M^x- Since the numerical Grothendieck 
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groups of Y and Y' are canonically isomorphic to the abstract lattice N^i, 
the equivalence $ induces the orientation preserving isometry <I>^ on N^. 
Namely we have the functor from the groupoid to the isometry group of A'^^ 
by using these canonically isomorphisms: 

Remark 3.2. By composing the morphism q : 0^{Nci) — t- PS'i/2(M), we 
obtain the following functor 

M = qop' : ,^jgx PSL2{R), ^ ^ q{^^). 

Since the restriction of qop' to Aut{D(X)) is the same as the group morphism 
M : Aut{D{X)) PSL2{R), we put M = g o p' by abusing notations. By 
the definition of the functor M, we see M(<I>) is just the linear fractional 
transformation <I>* ginve in Proposition 12.11 

Theorem 3.3. Let .!^K/^x be the Fourier-Mukai groupoid on a K3 surface 
X with p{X) = 1. We put NS(X) = ZL with = 2d. 

(1) The functor M : 3i/^x AL^ is surjective. Namely for any ip E 
ALd, there exists a Fourier-Mukai transformation <I>: D{Y) — t- D(X) 
in M^x such that M{(^) = tp. 

(2) For D{Y) D{Y') e M£x, Y is isomorphic to Y' if and only 
i/M($) GFrrf. 

Proof. Recall Proposition [2]8j By this proposition, it is enough to show that 
for any s\\d, there is a Fourier-Mukai transformation <1>: D{Y) — t- D{X) such 
that M($) G Ws. 

For the integer s, we put f = ^ and take an isotropic Mukai vector 
V G AA(X) as V = r ® Lx ® s. Then there exists the fine moduli spaces 
ML{r ® L® s) of ;U-stable sheaves with Mukai vector v = r©L©s since 
gcd(r, L|^,s) = 1. We put Y = ML{r ® L® s) and let £ be the universal 
family of the moduli space. We claim that the Fourier-Mukai transformation 
^£ : D{Y) D{X) satisfies M{^£) G Ws where 

$^(-) : D{Y) ^ D{X), <^£{-) = ^TTx*{£ © t^y{-))- 

Put v{<^^^{Ox)) = r®nLY®s'. By Proposition 12. II the linear fractional 
transformation M(^>f ) is given by the following matrix: 




To prove our claim it is enough to show that is an integer. To show this, 
we consider the inverse Fourier-Mukai transformation : D{X) DiY). 
Then the matrix M($J^) is given by 
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Since = ±RoM{<^^^) G 0+{Nd), all coefficient of the 3 x 3 matrix of 

i?oM($^^) should be integers. By focusing (2, 1) component of RoM{^^^) 
we see that 

r r + dn d r + dn 

X 



is an integer. This gives the proof of the first assertion. 

Now we prove the second assertion. Let DiYi) — )■ DiY2) G .%£x- By 

Theorem [23] we can assume Yi = Mi = Mi^iri ® Lx ® Si) (i = 1,2) with 
ri\\d. By using these isomorphisms we get the Fourier-Mukai transformation 

^' = /2* o $ o : D{Mi) ^ D{M2). 

We note that M($') = M($) since M(/i*) = id (i = 1, 2). 

By the proof of the first assertion we see that there is an equivalence 
: D{Mi) D{X) such that M($j) e Wji_. Then we get the following 

commutative diagram: 

D[Mi) D{M2) 



2 



L>(X) > D{X) 

Since $ = ^'20*J''°^r^ autoequivalence, M($) G T^iUW^. In particular 
by composing an equivalence T G Aut(Z?(X)) so that M{T) G VF^, we can 
assume that M($) G Wi. Since $ G W"i U Wd, we have to consider two 
cases: If $ G then we have 

Wa.WiWjl = Ws^ ■ = Wi. 

Hence we see si = S2 and ri = r2. Thus Yi = 12- 
If ^> G W^d then 

T^aW^^VFa = Wr^ ■ = Wi. 

'■1 '■2 

Thus we see n = S2. Since M{r®L®s) = M{s®L®r) by Theorem [221 
we see Yi = l2- Thus we have proved the second assertion. □ 

By combining Proposition 12.81 we obtain the following corollary. 

Corollary 3.4. The following functor is surjective: 

P=\x^op: Mdx 9 ^ G 0+{Nd). 

Proof. RecaU that he functor M: M^x ^ PS'L2(M) factors through 0+(iVrf). 
Hence we obtain the following commutative diagram: 
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Since M and q are surjective by Theorems 12.61 and 13.31 we see p is also 
surjective. □ 

Remark 3.5. Corollary 13.41 can be regarded as the generalization of Theo- 
rem [2r71 Furthermore to generalize our result to arbitrary Picard rank cases, 
we have to find some canonical identification of numerical Grothendieck 
groups between Fourier-Mukai partners. 
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